In heavy atoms and molecules, on the distances Z −1 m from one of the nuclei (with a charge Z m ) we prove that ρ Ψ (x) is approxi- 
Introduction
This paper is a result of my rethinking of one rather old but still remarkable paper [ILS] , which I discovered recently and in which the asymptotic of the averaged electronic density on the distances O(Z −1 ) from the nuclei is derived.
The purpose of this paper is to provide a more refined asymptotics (with an error estimate in L 1 -norm). Let us consider the following operator (quantum Hamiltonian)
with H V = −∆ − V (x) (1.3) describing N same type particles in (electrons) the external field with the scalar potential −V (it is more convenient but contradicts notations of the previous chapters), and repulsing one another according to the Coulomb law.
Here x j ∈ R 3 and (x 1 , . . . , x N ) ∈ R 3N , potential V (x) is assumed to be real-valued. Except when specifically mentioned we assume that Mass is equal to 1 2 and the Plank constant and a charge are equal to 1 here. We assume that
Our purpose is to prove that at the distance ≤ CZ −1 from the nucleus at y m the electronic density
is approximated by a one-particle single-nucleus electronic hydrogen density ρ H (x) (corresponding to N = 1, Z = 1 and V 0 (x) = |x| −1 , properly rescaled: Theorem 1.1. In the described framework under assumption
the following estimates hold
In Section 2 we consider a one-particle Hamiltonian with a potential V = V 0 + ςU where U is supported in B(0, c) and satisfies |U(x)| ≤ 1, 0 < ς ≪ 1 and explore its eigenvalues and projectors. In Section 3 we prove Theorem 1.1. In Appendix A we estimate eigenfunctions of the hydrogen Hamiltonian.
Estimates of projectors and eigenvalues
Proposition 2.1. Let supp(U) ⊂ B(0, c) and
where λ n,k and λ
Proof. The trivial is left to the reader.
Proposition 2.2. (i) In the framework of Proposition 2.1
where λ n,k , k = 1, . . . , n 2 are eigenvalues of H V ordered in the decaying |λ n,k − λ 0 n | order.
(ii) Furthermore, one sided inequality holds
where now maximum is taken over all subspaces L ⊂ Ran(π
Consider L, the span of R n,l (r)Y m l (ϕ, θ) with s ≤ l ≤ n−1 to be determined later and s = −l, −l + 1, . . . , l − 1, l; see (A.1). In virtue of Proposition A.1 (2.7) holds as
In other words, N(τ ) ≥ s≤l≤n−1 (2l + 1) where s = s(n, τ ) is defined as a smallest s such that (2.8) holds, while the number of eigenvalues such that |λ n,k − λ 0 n | ≥ ςτ does not exceed l≤s (2l + 1) = s 2 . It implies (2.2).
(ii) In the same way consider N n (τ ), the number of eigenvalues of
where maximum is taken over all subspaces
Again consider L, the span of R n,l (r)Y m l (ϕ, θ) with s ≤ l ≤ n − 1 to be determined later and s = −l, −l +1, . . . , l −1, l. In virtue of Proposition A.1 (2.1) holds as (2.12) and the number of eigenvalues such that (λ n,k − λ 0 n ) ≥ ςτ does not exceed l≤s (2l + 1) = s 2 . where s = s(n, τ ) is defined as a smallest s such that (2.12) holds. It implies (2.3).
Proposition 2.3. In the framework of Proposition 2.1 for
where here and below · , · 2 and · ∞ are operator norm, Hilbert-Schmidt norm and trace norm respectively.
Proof. Consider (2.14)
where γ n = {z : |z −λ n | = ǫ 0 n −2 } with counter-clockwise orientation, ǫ 0 > 0 is fixed. Similar formula holds for π 0 n . Then
and the operator norm of the right-hand expression does not exceed Cn 2 ς. Multiplying by π 0 n we get
So, trace norm of (I − π n )π
is invertible and its inverse differ from I by an operator with the trace norm, not exceeding Cςn 1/2 . Therefore π n maps Ran(π 0 n ) into Ran(π n ). However, since rank π n = rank π 0 n we conclude that it is onto, and both π n π 0 n − π n ∞ and π 0 n π n − π n ∞ do not exceed Cn 1/2 ς. Combining with the same estimates for π n π 0 n −π 0 n ∞ and π 0 n π n −π 0 n ∞ we arrive to (2.13).
Proposition 2.4. The following formula holds
with
Proof. The proof is trivial.
Remark 2.5. (i) One can rewrite the right-hand expression of (2.9) as (2.17) 
Indeed, Statement (i) is trivial, and to prove Statement (ii) observe that (2.19) is equal to 1
Observe that because of the trace we can rewrite the selected expression as
What remains is obviously equal to the term in (2.11).
Corollary 2.6. (i) The absolute value of the rigt-hand expression in (2.10) does not exceed Cς 5/4 .
(ii) Moreover, if U ≤ 0 it does not exceed Cς 11/7 .
Proof. Consider expression (2.18) and for n ≤ N ≤ ς −2 we estimate each term as Cς × ςn 1/2 due to (2.13) and for n ≥ N we estimate each term as Cςn −3/2 due to Remark 2.5(ii) and (2.2). Then the rigt-hand expression in (2.10) does not exceed
Obviously, the optimal choice is N = ς −1/2 and we arrive to Statement (i). If ςU ≤ 0 then λ n,k ≥ λ 0 n and we can replace (2.2) by (2.3) and (2.20) by
Obviously, the optimal choice is N = ς −2/7 and we arrive to Statement (ii).
Electronic Density
Similarly to (3.3) of [Ivr2] under assumption(1.6) we get
Let U be supported inr-vicinity of y m with some fixed m and satisfy there |U| ≤ Z 2 1) ,r = CZ −1 m . Let ϕ be a smooth r-admissible function 2) , ϕ = 1 if |x − y m | ≤ r and ϕ m = 0 if |x − y m | ≥ 2r, r = Z −1+δ ′′ with small δ ′′ > 0.
and we can insert ϕ into right-hand expression of (3.1):
Then since |V − W | ≤ CZ 4/3 in 2r-vicinity of y m and |ν| ≤ CZ 4/3 we can replace
and then again skip ϕ (but we need totake a trace of the difference):
Next, using rescaling
m U we find ourselves in the framework of Section 2.
Using decomposition of Remark 2.5(i) and Corollary 2.6(i) we arrive to
where ρ m (x) = e m (x, x, 0) and e m (x, y, τ ) is a Schwartz kernel of
, which coincides with (1.10). Optimizing by ς ≍ Z −4/15−δ we get
with δ > 0 decreasing as needed. Takinḡ
we arrive to our final estimate (1.8).
On the other hand, takingŪ = −θ(r − |x − y m |)θ(ρ m (x) − ρ Ψ (x)) and using Corollary 2.6(ii) we arrive to (3.8)
instead of (3.6). Optimizing by ς ≍ Z −7/33−δ we arrive to our final estimate (1.9). 
A Estimates for eigenfunctions of Coulomb-Schrödinger operator
Consider operator H 0 = −∆−r −1 ; r = |x| −1 . It is known that its eigenfunctions, corresponding to eigenvalues − 1 4n 2 , with norm 1, are (in the spherical coordinates)
where Y m l (ϕ, θ) are spherical functions with m = −l, −l + 1, . . . , l − 1, l, l = 0, 1, . . . , n and
with associated Laguerre polynomials
Proof. Consider first
Using inequality (m + s)! ≤ 2 m+s m!s! one can prove easily that the selected factor does not exceed C n /(l!k!) and therefore for r ≤ c the sum of terms with l + k ≥ ǫn does not exceed the second term the right-hand expression of (A.5).
On the other hand, applying Stirling's formula for l + k ≤ ǫn we see that the selected factor does not exceed C (n + l) (n+l)/2 (n − l − 1) (n−l−1)/2 e −(n+l)/2 e −(n−l−1)/2 √ n (n − l − 1 − k) n−l−1−k e −n+l+1+k √ n(2l + k)!k! ≍ C n l+k+1/2 (1 + l/n) (n+l)/2 (1 − l/n) (n−l−1)/2
(1 − (l + k)/n) n−l−k e l+k (2l + k)!k! ≍ which implies for r ≤ c estimate (A.5).
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